In this paper, the counter -current imbibition phenomenon in a fractured heterogeneous porous media is studied with the consideration of different types of porous materials like volcanic sand and fine sand and Adomian decomposition method is applied to find the saturation of wetting phase and the recovery rate of the reservoir. A simulation result is developed to study the saturation of wetting phase in volcanic as well as in fine sand with the recovery rate of the oil reservoir with the choices of some interesting parametric value. This problem has a great importance in the oil recovery process.
NOMENCLATURE

INTRODUCTION
This paper formulates and discusses mathematically the imbibition phenomena in a fractured heterogeneous porous media with the consideration of two different porous materials. Generally Imbibition be initiated due to the viscosity differences between the wetting fluid (water) and non -wetting fluid (oil). Water imbibition is a primary component of fluid transfer from the matrix to the fracture. Many researchers studied this phenomenon with different approaches. (Gunde, Babadagli, Roy and Mitra 2013) discussed the Pore -scale interfacial dynamics and oil -water relative permeabilities of capillary driven counter -current flow in fractured porous media. (Mirzaei-Paiaman 2015) studied the analysis of this phenomenon in presence of resistive gravity forces. (Rezaveisi, Ayatollahi, and Rostami 2012) investigated experimentally the effect of matrix wettability on water imbibition in a fractured artificial porous media. (Patel and Meher 2016a) and (Patel and Meher 2016b ) studied the fingering phenomena in fluid flow through fracture porous media with inclination and gravitational effect and countercurrent imbibition phenomena in heterogeneous porous media with gravitational and inclination effect and concluded that the initial saturation rate be more for zero inclination and small inclination in homogeneous case as compared to inclined heterogeneous porous media. (Patel and Meher 2016c ) considered corey's model and ScheideggerJohnson model to simulate the counter-current imbibition phenomenon in heterogeneous porous media and concluded that Corey's model be more appropriate as compared to Scheidegger-Johnson model in order to study the saturation rate. Recently (Patel, Mehta, and Singh 2016) discussed this phenomena in a heterogeneous porous media and concluded that the saturation rate be more in homogeneous as compared to heterogeneous porous matrix. The following empirical function first proposed by (Aronofsky, Masse, Natanson, et al. 1958) to study the recovery rate of the reservoir
where T=
be the dimensionless time used to study the recovery rate of the reservoir.
Here we studied the effect of initial water saturation on volcanic sand and fine sand and studied the sensitiveness of imbibition phenomena towards initial water saturation in a heterogeneous fracture porous matrix. Analytical approximate solution for the flow equations is presented here to study the imbibition phenomena in fractures and on heterogeneous porous matrix by using Adomian decomposition method and a simulation result is developed here to study the recovery rate as a function of dimensionless time, T of the reservoir. The effect of permeability, heterogeneity and fractures on saturation rate is simulated by modelled the flow equation in imbibition phenomena.
Here the saturation distribution of the displacing (wetting) fluid in terms of saturations at the interface of the heterogeneous porous matrix as well as in fractures has been obtained. The results obtained here are in perfect agreement with the physical situation. This can be realized by conducting an experiment with the help of fractures and a capillary porous matrix having different porous material filled with oil. When the reservoir oil (non-wetting phase) comes into contact with water (wetting phase) then there is a spontaneous flow of the wetting phase (Water) into the medium and a counter flow of the resident fluid i.e. non wetting phase (oil) from the medium initiated by imbibition. Due to the difference in viscosities of water and oil, the water saturates on the right side of imbibition face and travel only a small distance 'l' due to capillary pressure effect (without external force) initiated by imbibition. The saturation rate for different porous materials and its effect on capillary pressure and relative permeability can be verified from the expression obtained for saturation.it is of great significance in oil recovery, where it can be responsible to increase oil production up to 40% in some cases.
MATHEMATICAL MODEL
For the sake of mathematical model: We consider here a piece of porous matrix with fractured block ( fig. 1 ) of an oil formatted region having length 'L' containing viscous oil that is completely surrounded by an impermeable surface except for one end (common interface) which is labelled as the Imbibition face and this end is exposed to an adjacent formation of 'injected' water. Due to the differences in viscosities of water and oil, the water saturates on the right side of imbibition face and travel only a small distance 'l' due to the capillary pressure effect(without external force) as shown in fig. 2 .
The conservation equation of mass for two-phase flow can be formulated as
Where i=o, w, x ∈ ℜ3, t≥0, φ(x) denotes the porosity of the porous medium, Si is the saturation for each phase i, ρi is its specific mass and vi is its volumetric rate which is given by
Where K(x) denotes the absolute permeability tensor of the porous medium, pi is its pressure, ki is its relative permeability and µi is its viscosity.
If the compressibility of fluid is neglected, then ρis are constant and the conservation equation becomes
The imbibition condition for counter -current imbibition can be expressed (Patel, Mehta, and Patel 2013) as
In porous media, the capillary pressure pc is defined as the pressure difference between the non -wetting phase oil (po) and wetting phase water (po), i.e.
According to (Oboveanu 1963) , the porosity and permeability in heterogeneous porous media can be expressed as
The most famous pc − Sw relationships which was determined experimentally by (BrooksRH 1964) can be expressed as
The relative permeability, kw of the wetting and non -wetting phases in the domain are governed by the following relation as (BrooksRH 1964)
Combining eq. (2), (4) and (5), we get
Hence the conservation eq. (3) with eq. (8) can be written as
Combining eq. (6) and (7) The dimensionless forms of eq. (11) can be written as
Where D= ( ) Eq. (12) describes the equation of counter -current imbibition phenomena in a fractured heterogeneous porous media.
ANALYSIS OF THE METHOD
For the purpose of illustration of the Adomian decomposition method, we consider eq. (12) in an operator form as
Where = and Sw0 can be solved subject to the corresponding initial condition S(X,0) = f (X) = e−X .
Following (Adomian 1994 ) defined the linear operators = = the definite integration inverse operator and the nonlinear term as NSw. Operating the inverse operator and following the analysis of Adomian decomposition, we set the recursive relation of eq. (13) as
Which gives the recurrence relation as
and the approximate analytical solution of the problem in series form up to three terms can be written as
Eq. (16) represents the saturation of wetting phase during counter -current imbibition phenomena in a fractured heterogeneous porous media for two different porous materials. Figure 3 and 4 discusses the variation of initial water saturation in fractures and in heterogeneous porous matrix for volcanic and fine sand. It shows that the initial water saturation rate be more in fractures as well as in volcanic sand compared to porous matrix and fine sand. 
Effect of Fractures and Matrix on Initial Water Saturation
Effect of Capillary Pressure on Initial Water Saturation in Volcanic Sand
Figure 5 and 6 discusses the variation of capillary pressure with initial water saturation in fractures and in heterogeneous porous media for volcanic sand. It shows that the capillary pressure be more in matrix porous media as compared to fractures in volcanic sand. 
Effect of Capillary Pressure on Initial water Saturation in Fine Sand
Figure 7 and 8 discusses the variation of capillary pressure with initial water saturation in fractures and in heterogeneous porous media for fine sand. It shows that the capillary pressure be more in matrix porous media as compared to fractures in fine sand. Figure 9 and 10 discusses the variation of Relative permeability with initial water saturation in fractures and in heterogeneous porous media for volcanic sand. It shows that the value of Relative permeability be more in fractures as compared to matrix porous media in volcanic sand. Figure 11 and 12 discusses the variation of Relative permeability with initial water saturation in fractures and in heterogeneous porous media for fine sand. It shows that the value of Relative permeability be more in fractures as compared to matrix porous media in fine sand. 
Effect of Relative Permeability on Initial Water Saturation in Volcanic Sand
Effect of Relative Permeability on Initial Water Saturation in Fine Sand
RECOVERY RATE
It is found here that the dependence of different porous materials on saturation rate rendered the problem highly nonlinear. The significant part of this study is to study the advantage of the proposed mathematical expression in the determination of saturation of wetting phase and the recovery rate of this phenomenon with the inclusion of fractured and porous matrix and with different porous materials with the choices of suitable parametric values. It is found that there is an impact of fractures and types of porous materials on saturation of wetting phase in counter -current imbibition phenomena and it shows that the saturation rate be more in presence of fractures as well as in volcanic sand as compared to fine sand and increases with time provided the recovery rate be more in volcanic sand as compared to fine sand as shown in fig.13 .
Conclusion
Here we studied the saturation rate as well as the recovery rate in counter -current imbibition phenomenon in a fractured heterogeneous porous media for two types of porous materials like volcanic sand and fine sand. The simulation results for the saturation rate of wetting phase is shown in Table 2 , 3, 4 and 5 and with capillary pressure, relative permeability and the recovery rate are shown in Table 6 , 7 and 8 with the choices of suitable parametric values which shows that the saturation rate be maximum in fractures as compared to porous matrix implies the recovery rate of oil reservoir be maximum and around 40% in presence of a fractures and in volcanic sand as compared to normal porous matrix and fine sand which is physically consistent with the real world phenomena. 
